This paper analyzes the response of a turbulent, premixed flame to harmonic forcing. This problem has been worked extensively for laminar flames, and the key parameters influencing the flame transfer function are well understood. For turbulent flames, several prior studies have utilized a "quasi-laminar" approach, by utilizing the time-averaged flame position, and ensemble-averaged disturbance field, as inputs to what is otherwise identical to the laminar problem. More generally, the manner in which turbulent flames respond to harmonic disturbances is not amenable to analytical solutions because of the nonlinear interactions between stochastic flow disturbances and harmonic flame wrinkling. We utilize a turbulent burning velocity closure proposed by Shin and Lieuwen (2013) , who showed that the ensembleaveraged turbulent burning rate for a harmonically forced flame is proportional to the ensemble-Downloaded by [Georgia Tech Library], [
2 averaged flame curvature. Shin and Lieuwen (2013) previously used it to analyze the ensembleaveraged space-time flame wrinkle characteristics. Here we extend these results to analyze the spatial variation of ensemble-averaged flame surface area and burning rate and then compare these results to computations. These results show that, for low stochastic forcing amplitudes, wrinkling of the front exerts quantitative differences between those predicted by a quasi-laminar and the actual flame response (e.g., reducing peak values of the flame transfer function, and eliminating nodes), but does not change the key qualitative features. While this result needs to be considered for strongly turbulent flames, it does suggest why good agreement has been observed between quasi-laminar approaches and experimental data for harmonically excited, In order to set up the problem, consider Fig. 1 , which shows a flame spreading from a stabilization point. If the flame is weakly wrinkled, it is possible to define its instantaneous location by the single valued function  . In addition, we can define the spatially integrated heat release as Q * . We can write each of these variables, ( ,, uQ  ), as the following triple decomposition, shown here for flow velocity: (1) Where   0 is the time-averaged quantity, defined as:
The second quantity,   1 , is the coherent fluctuation and is defined using the ensemble average, denoted by the operator , as:
And, the random fluctuation,   2 is then:
Note that    
Note also that for this harmonically forced problem, the "ensemble-average" is equivalent to a "phase-average".
The key problem of interest to this paper is the input-output relation between the coherent velocity forcing and the coherent fluctuations in flame position and heat release; e.g., for the spatially integrated heat release of a flame forced by flow disturbances:
where the   denotes the Fourier transformed variable, a is the amplitude of coherent excitation, and d  is the angular driving frequency. Equation (5) This problem -i.e., the input-output relation between the coherent velocity forcing and the coherent fluctuations in flame position and heat release of turbulent flames-has been previously addressed both implicitly and explicitly. Hemchandra et al. (2007) was the first study we are aware of which explicitly considered the ensemble-averaged response of a flame forced by simultaneous broadband and narrowband disturbances. A related follow on study was also reported by Hemchandra et al. (2011) . The first of these studies demonstrates that one of the key effects of the broadband disturbances, 2 u , on Q is through its influence on the time-averaged flame shape. This particular effect can be modeled by treating the flame as laminar and considering its response to harmonic forcing, but using the time-averaged turbulent flame properties as inputs to the flame shapethis is referred to as a "quasi-laminar" approach below † .
In addition, flame wrinkles induced by the random fluctuations increase the destruction rate of the coherent wrinkles due to harmonic forcing, such as shown in Fig. 6 . Thus, the effects of turbulence and harmonic forcing are not simply additive but are nonlinearly coupled. Shin and Lieuwen (2013) subsequently analyzed the explicit dynamic influences of turbulence on the ensemble-averaged flame dynamics and showed that, for flames with constant local laminar burning velocities, background broadband forcing leads to an effect on the ensemble-averaged flame position that is equivalent to a modulation in turbulent burning velocity, proportional to the local ensemble-averaged curvature. In other words: † Note that an analogous approach is sometimes used in the hydrodynamic stability literature, where the time averaged velocity profile of a turbulent flow is used as an input to a stability calculation to determine the growth rate of a harmonic space/time disturbance; see discussion of this approach in, e.g., Refs. ( Realistically, flames generally have non-zero heat release, density, and temperature jumps.
However, it should be noted that the isothermal limit is interesting for its own sake, as there are practical applications such as vitiated flow or highly compressed flows with small temperature and density jumps. 
II. Ensemble-averaged Flame Position Equation
The front-tracking equation is the key analytical tool used to analyze the flamelet dynamics in this study. This approach is commonly used in other studies of flame kinematics (Boyer and Quinard, 1990, Fleifil et al., 1996) and is well-developed (Matalon and Matkowsky, 1982 , Williams, 1985 , Kerstein et al., 1988 , Peters et al., 2000 , Lipatnikov and Sathiah, 2005 . For high activation energy molecular kinetics, the flame becomes thin relative to the scales of the flow and can be treated as a flow discontinuity. In this approach, the flame is defined as the zero surface given by the G-equation:
where u is the flow velocity at the flame front, and L S denotes the local propagation front speed. For a single valued flame position (note that our computational results shown later do not assume a single valued flame position), this equation can be written as:
Ensemble averaging this equation leads to:
Note that analyzing the ensemble-averaged flame position,  , as shown in Eq. 
There are no assumptions in this equation; rather it defines the turbulent displacement speed, , TD S , which can be seen by rearranging the above as:
where  is the ensemble-averaged flame position, and s is the downstream coordinate for a coordinate system aligned with the unforced flame position, and z is the transverse coordinate, parallel with the flame holder, as shown in Fig. 1 . The use of Eqs. (10) and (11) Having considered the flame position, we next consider its heat release. The ensembleaveraged, spatially integrated heat release is given by the expression:
where  is the unburned gas density, 
III. Numerical Calculations -Oscillating Flame Holder
A. Geometry Consider the geometry shown in Fig. 1 , where a flame is attached to a harmonically oscillating bluff-body, and spreads to the wall. Figure 3 shows two snapshots of the instantaneous, multi-valued flame, and the corresponding ensemble-averaged result at that same phase of the harmonic forcing cycle. Note that at high turbulence intensities, the instantaneous flame may become highly multi-valued and is three-dimensional. In this case, the ensembleaveraged result remains single-valued (but not necessarily in general) and is two-dimensional.
As discussed in the earlier footnote*, the area integration is taken over a fixed width (rather than fixed length, or fixed axial distance), which is the most physically relevant problem for 
The flow convects these disturbances with the mean flow velocity as-per Taylor's hypothesis, and so the integral time and length scales are directly related through the mean flow velocity. As such, while these disturbances are stochastic, the fact that they are single length/time scale implies that they do not describe Navier-Stokes turbulence. However, this general structure of the correlation function is used routinely in the turbulence literature, e.g., see (Hinze, 1975) and (Pope, 2000) . These flow disturbances are used as inputs to solve Eq. (7)note that the fact that the flow field is imposed upon the flame, as opposed to being simultaneously solved with the flame implies negligible gas expansion across the flame, as discussed above. Additional discussion of the numerical method and turbulence field are given in Shin and Lieuwen (2013) .
The outputs of these calculations are instantaneous flame positions and areas.
C. Numerical Heat Release Calculations
Because the numerical calculations all assume constant local burning velocity, 
Equation (17) is equal to the denominator of the FDF, which is defined as: 
IV. Analytical Model Development and Validation
This section describes the development of a reduced order model for Q , utilizing the turbulent flame speed models described above. The results of this model are compared to computed results for flame position and Q in Sec. IV.B and IV.C, respectively.
A. Formulation
We can use the equations for the ensemble-averaged flame position, Eq. (10), and heat release Eqs. (12) and (13) 
where we assume constant  and R h  . The FDF result then follows from inserting the computed heat release into Eq. (18) . In order to evaluate the validity of the flame speed closures for the turbulent displacement and consumption speeds, the flame position and heat release response were compared to the numerical results, as shown in the following two subsections.
B. Model Evaluation: Flame Position
The turbulent flame speed closure was evaluated by integrating Eq. (21) For the two lower turbulence cases, the predicted flame shape is virtually identical. For the two higher turbulence intensity cases, there is some difference between the analytical and numerical predictions, the difference increasing with the flame coordinate, s.
In addition, Fig. 6 shows the results from a quasi-laminar analysis, which incorporates the spatial variation in ,0 The phase results also are quite similar between the model and the computations -namely, the linearly increasing phase with frequency, the jump in phase across the gain minima, and the smoothing effect of the stochastic fluctuations on this phase jump.
In addition to the analytical and numerical results, Fig. 7 shows the results from the quasilaminar approach, which are nearly identical to those of the analytical model, for 
V. Results: Model Problems
The purpose of the prior section was to evaluate the closures presented in Eq. (6) and (20) (4) and (5) to Eq. (21), leads to:
Here, the are shown to again emphasize that this is the ensemble-averaged problem, but are not included for the following development. The problem is transformed to Fourier space using a definition for the fluctuating quantities as: 
which stipulates that the flame remains attached to the moving flame holder at s = 0. The second boundary condition is that no disturbances flow from the end of the flame upstreamit will be described further below. The general solution is given by:
Here, , s eff u is the flow velocity tangential to the unforced flame. The R 1 term corresponds to the solution with a wave moving downstream, while the term R 2 is associated with the wave moving upstream. This latter term is nonphysical and so the coefficient B that multiplies terms containing R 2 is set to zero. In the small , TD  limit, the R 1 term can be expanded as:
Hence the solution is as follows: The limits of integration oscillate due to wrinkles on the flame, and it is therefore necessary to introduce start and end corrections to the limits of integration, as discussed by Humphrey et al. 
The total analytical linear transfer function is simply the sum of these two components. Equation (38) Comparing the analytical results in Fig. 8 to the numerical simulation results presented in Fig.   7 , it is clear that this model problem correctly predicts the general qualitative shape of the numerical FDFspecifically, the progressive decrease of FTF gain maxima, and increase of gain minima, with increasing Strouhal number. 
B. Model Problem: Flame Perturbed by Convecting, Decaying Vortex
As described earlier, the oscillating flame holder problem is an important one from a pedagogical perspective. In this section, we consider a problem that has additional complexities, but is of significant interest as a practical problem. Specifically, this section considers the response of a flame to a convecting disturbance, generalizing the laminar FTF work previously The close correspondence between the FTFs at different turbulence intensities indicates why the quasi-laminar approach has been successful for prediction of turbulent flame response to harmonic disturbances. The FTF of the convecting, decaying vortex problem is not strongly dependent on turbulence intensity.
VI. Conclusions
This Together, these results show that it is possible to model the response of a turbulent flame perturbed by both narrowband harmonic oscillations and broadband turbulence though analysis of the ensemble-averaged flame, for low to moderate stochastic amplitudes. Furthermore, this approach is able to capture some of the nonlinear effects of turbulence (i.e. kinematic restoration) even in a linearized model. This approach is analogous to that used with laminar flames, and uses 
